1. Speculations relative to the geometry of n dimensional space have followed several fairly well-defined trends which not infrequently cross one another : 1° A direct extension of the Cartesian geometry, which extension is to be regarded as nothing more than a convenient form of phraseology ; in this form did n dimensional space spring forth from the minds of Grassmann, Cayley, Gauss, and Cauchy, and the idea was likely familiar to Euler and Lagrange. 2° The transformation of the ordinary visnalizable spaces of two and three dimensions into manifoldnesses of higher or lower dimensions by introducing space elements other than the point or its dual element ; for example, the line geometry of Pliicker, the sphere geometry of Lie, the five dimensional manifoldness of all conies in the plane as an auxiliary to Ball's theory of screws ; this category becomes more concrete perhaps than any other. 3° The absolute geometry of space ; here would appear the celebrated dissertation of Riemann, the well-known memoirs of Helmholtz and Lie and the elaborate treatise of Veronese. 4° The extension of the methods of ordinary differential geometry to spaces of many dimensions; to this class belong the works of Christoffel, Beltrami, Bianchi, Cesàro, and Ricci, and the quite recent contributions of Darboux and his pupils. 5° The direct extension of the concepts and problems of metrical and projective geometry of ordinary space, as exemplified in the memoirs of Jordan, d'Ovidio, and Veronese. 6° The theory of birational correspondences between n dimensional aggregates as studied by Noether, Kantor, and Brill. 7° The descriptive geometry of space of n dimensions as begun in the papers of Veronese, Stringham, Schlegel, and Segre. 8° The kinematics of higher spaces as developed by Jordan, Clifford, and Beltrami. 9° The interpretation of n dimensional geometry in the light of the theory of groups as exhibited by Lie, Klein, and Poincaré.
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2. It is proposed here to make an expository contribution to the ninth and fourth of the above categories, constructing ordinary four dimensional space by the method of Lie's theory of continuous groups, and studying curves of triple curvature by the intrinsic analysis developed by Cesàro in his Lezioni di geometria intrinseca.
3. 'With regard to the space ib is assumed : 1° That it is a four dimensional manifoldness, i, e., that four independent data are necessary and sufficient to determine the position of an element of the manifoldness ; these four independent things are called the coordinates of the element.
2° That a figure of the manifoldness possesses ten degrees of freedom within the manifoldness ; i. e., that ten independent data are necessary and sufficient to render a rigid body fixed in position ; the latter ten independent things are called the parameters of the figure.
For convenience let the element be called a point, and its coordinates be designated by x, y, z, t. Consider any figure containing this point and let its parameters be a v « 2 , -, a l0 . Let the figure assume a new position and call x', y', z\ t' the coordinates of the new position of (#, y, z, t) . Then
The operation changing x, y, z, t into ?, 37, Ç, T represents one of the motions of a four dimensional figure, and the ensemble of all these operations constitutes a continuous group with ten parameters. The identical transformation ought to appear among these operations. There must then be a system of the parameters a v a 2 , •••, a 10 such that €»#, 17 = y, C«s, r = *.
It is legitimate to assume the preceding system of values to be An infinitesimal transformation of the group is one whose parameters differ by infinitesimals from those giving the identical transformation ; in this case the infinitesimal transformation is obtained by assigning infinitesimal values to the parameters themselves ; i. e., by such a transformation x, y, z, t are changed to ,10 g* 10 3,n 10 3£ Lo 3 T in the partial derivatives of which the a's should be put equal to zero. 
where the A's are constants. Thpre are forty-five of these equations, but the four hundred and fifty A's are not wholly arbitrary, since the following one hundred and twenty identities of Jacobi must hold
Every set of J's satisfying (1) and (2) reveals a space whose independent infinitesimal motions are represented by the infinitesimal operations of the set. Those functions of the elements that are invariant under these transformations will characterize the geometry of the space.
4. It may be verified without difficulty that the following forms for the fundamental transformations J v J 2 , •••, J w which are functions of x f y, z,t,p, q> r, s, namely
zp --xr, tr -zs, ys -tq, satisfy the conditions (1) and (2).
Let (a? 7 y, z, t) and (#', y\ z', t') be any two points, and This system of ten equations in eight variables should not in general possess a solution. However the equations are not all independent. If the first seven be multiplied respectively by the following functions
and the results be added, the eighth equation of the system is obtained ; similarly, if the multipliers be
the ninth equation results ; and finally if the multipliers
be taken, the summation yields the tenth equation of the system.
The system composed of the first seven equations possesses at least one solution ; that it has, no more is readily seen by noting the fact that not all seventh order determinants of the matrix
vanish ; for example, the one formed by the last seven columns, whose value is written down at once as (x -x') 2 (y-y')-
The unique solution of this system appears by observing that the first four equations demand that the solution be a function only of X==a;-a/, Y^y -y', Z-=z -z', T = t -t' ; the last three equations become
which require that <p be of the form
that is, the function
is an absolute invariant under the most general transformaton of the group (3). This function is said to define the distance between the tw^o points (x, y, z } t), (V, ƒ, z', /'). The total variations of (5) give
In (6) 
Two linear manifoldnesses (?, m, n, a, 6, c), (1/ m', n', a\ b f , c') possess invariants under the preceding transformations. These appear as solutions of the simultaneous system composed of the ten equations calling these respectively u, v, and w, the last three equations become
where ^' = 14 + 1, <y' = v + 1, w' = w + 1, and, as should be the case, the determinant of the coefficients is zero. From any one of the three we have The fundamental notions of distance and direction are thus introduced by the invariants (4) and (7), the former relative to two elements of the space, the latter relative to two simplest manifoldnesses composed of a simply infinite number of these elements. All the derived notions of geometry may then be developed by as simple extensions of these two primary notions from three dimensions to four dimensions as occur when passing from the plane to ordinary space.
6. A curve in a flat space of four dimensions is said to have triple curvature when not every five consecutive points of it lie in a euclidean space of three dimensions. Such a curve possesses not only rectilinear tangents, and osculating planes, but also osculating spaces of three dimensions ; by the latter is meant the limiting position of a secant three-dimensional space 2 8 > MM'M^M" as the three points M', M"', M nf approach coincidence with M. At every point M of the curve we have to consider a tetrarectangular tetraeder which has as edges the tangent, the principal normal, the principal binormal, and the trinormal. By the principal normal is meant the only one of the 00 2 normals at every point which lies in the osculating plane ; by the principal binormal is meant the only one of the 00 * binormals at every point which lies in the osculating space ; the trinormal is the only binormal perpendicular to the osculating space.
Taking the origin of the coordinate system at a point M movable along the curve, assume the tangent as #-axis, the trinormal as ^-axis, the principal binormal as 2-axis, and the principal normal as £-axis. Let <fy>, d<p, d% be the respective angles between two consecutive tangents, two adjacent principal binormals, and two adjacent trinormals, when the origin is shifted from M to a neighboring point M! on the curve. The quadrangle of the direction cosines of the new axes referred to the old becomes
The limits of the ratios of <fy, dip, ox to MM as M! approaches If measure the curvatures of the curve at if; the first limit is called the flexion, the second the torsion, and the third the curvature ; or perhaps more simply, the first, second, and third curvatures. Then if we put ds = pd(p = rdx = rdx, the numbers /?, r, r, the reciprocals of the curvatures, measure three lengths which are called the radii of the respective curvatures.
The array (11) shows that in order to discuss the curve in the domain of any of its points it is sufficient to know the functions y, </>, x ) * na^ is? i* is sufficient to give />, r $ r as functions of s. Three equations, the so-called intrinsic equations ./iO> h r, 0 = 0, ƒ,(/>, T, r, «) = 0, f 9 ( P , T, r, s) = 0 which determine the radii of curvature as functions of s, determine at the same time the forms of those arcs of the curve which lie between points at which the tangent may become indeterminate ; they do not fix the position of these branches in space.
7. The method of the intrinsic analysis employed so successfully by Professor E. Cesàro in his Lezioni di geometria intrinseca and developed by him for curves and surfaces in spaces of many dimensions may be exhibited for curves of triple curvature in detail in the following manner.
Let P be a point in space referred to M as origin and generally movable with M] let its coordinates be #($), y(s) «(*), t(s). Let F be the point of the trajectory of P corresponding to M'\ its coordinates referred to the axes at M are x + dx, y + tiy f z + dz, t + at; its coordinates referred to the axes at M' are x + dx, y + dy, z 4-dz,t +dt ; finally let u, v 9 w, p be the coordinates of M referred to M. Then projecting M f F on the axes at M, we have by virtue of the array (11) : Excluding from further consideration here those curves for which it is not legitimate to assume that the limit of the ratio of the arc to the arc is unity, we have from the definition of the tangent as the limiting position of a secant The formulae (12) are also applicable to the cosines «, /2, yj e that define any direction, provided that u, v, w, p are zero, and the corresponding fundamental formulae for this direction are found by replacing x> y } z, t in (13) respectively by a, p, y, e.
From (13) 8. The above fundamental formulae may be employed to show that every trio of intrinsic equations determines a curve uniquely, at least between convenient limits of s in a range where the curvatures are finite and continuous functions of the arc. In fact there exists, by the theory of systems of linear differential equations, one and but one quatrain of functions #(s), y(«), z(s)« t(s) satisfying the simultaneous system (14), and reducing to a, 6, c, e for s = 0. These functions x, y, z, t are evidently the coordinates with regard to the tetraeder of origin If of that point whose coordinates with regard to the tetraeder of origin O are a, b, c, e.
As remarked above, the necessary and sufficient con-ditions for the invariability of the direction (a, ft ft e) are
if (a, ft ft e,) and (a', ft, p', e') are any two solutions of this system it follows from the equations of the system that for each value of s the constants a, 6, c, e, can be determined in such manner that they represent the coordinates of M with respect to axes of origin 0 ; for this purpose it is sufiicient to put x, y, z, t equal to zero in the preceding equations and solve for a, b, c, e :
a= ~ (a^o+ft2/o + ftZo+ s^o), 6= -(a 2 x 0 + f^yo+y 2 Zo+ Mo) y Qgx C= -(^o+ft^o + ft^o+Mo), e= -(^o+ft^o + ftZo + Mo)-Thus the curve defined by a trio of intrinsic equations is uniquely determined ; by varying s the coordinates (a, 6, c, e) of all of its points with regard to a system of immovable axes are known. 9. It may be observed in conclusion that the whole theory of curves of triple curvature may be deduced by differentiation and elimination by means of the fundamental invariance conditions (14) and (15).
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